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Abstract

TEMSPOL is an open MATLAB code suitable for calculating temperature and lateral anomaly of density
distributions in deep subduction zones, taking into account the olivine to spinel phase transformation in a self-
consistent manner. The code solves, by means of a finite difference scheme, the heat transfer equation including
adiabatic heating, radioactive heat generation, latent heat associated with phase changes and frictional heating.

We show, with a few simulations, that TEMSPOL can be a useful tool for researchers studying seismic velocity, stress
and seismicity distribution in deep subduction zones. Deep earthquakes in subducting slabs are thought to be caused by
shear instabilities associated with the olivine to spinel phase transition in metastable olivine wedges. We investigate the
kinematic and thermal conditions of the subducting plate that lead to the formation of metastable olivine wedges.
Moreover, TEMSPOL calculates lateral anomalies of density within subducting slabs, which can be used to evaluate
buoyancy forces that determine the dynamics of subduction and the stress distribution within the slab.

We use TEMSPOL to evaluate the effects of heat sources such as shear heating and latent heat release, which are
neglected in commonly used thermal models of subduction. We show that neglecting these heat sources can lead to

significant overestimation of the depth reached by the metastable olivine wedge.

© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Subcrustal earthquakes widely occur within subduct-
ing slabs. Shallow and intermediate events (depths
<300 km) are likely produced by brittle fracturing and
frictional sliding on pre-existing faults (Scholz, 1990)
and possibly enhanced by dehydration embrittlement
(Meade and Jeanloz, 1991). At depths > 300 km, brittle
and frictional processes are likely inhibited by enormous
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lithostatic pressures. Nevertheless, more than 20% of
earthquakes with magnitude greater than 5 occur at
depths greater than 300 km (Frohlich, 1989). Indepen-
dent solutions to the paradox of the occurrence of deep
earthquakes have been proposed by two groups of
scientists on the basis of deformation experiments on
germanate olivine and ice (Green et al., 1990; Kirby
et al., 1991). According to both groups, deep earth-
quakes are caused by shear instabilities associated with
olivine to spinel transformation. This phase transforma-
tion may be kinetically hindered in a cold slab
descending into the mantle transition zone (e.g., Rubie,
1984), thus creating a wedge-shaped zone of metastable
olivine that can persist down to about 660 km (Kirby
et al., 1996). This might explain the occurrence of deep
earthquakes and the largely recognised correlation of
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maximum depth of seismicity with the product of the
age of the subducting lithosphere and the subduction
velocity (e.g., Kirby et al., 1996).

Since olivine metastability is a temperature-controlled
process, accurate and realistic thermal models of subduc-
tion zones are necessary for a better comprehension of
deep seismicity. Moreover, temperature and phase changes
are known to control density distribution within subduct-
ing slabs and consequently to influence the dynamics of
subduction (Bina, 1996; Schmeling et al., 1999).

The role of subduction kinematics on the slab
temperature distribution has been widely investigated
with analytical (e.g., McKenzie, 1969) and numerical
(e.g., Minear and Toksoz, 1970) thermal models since
the early discovery of plate tectonics. We aim at
improving important aspects of existing models and
provide a useful tool for researchers studying deep
subduction zones, with interests in seismology, meta-
morphism, seismic velocity distribution and dynamics of
subduction zones. The purpose of this work is, therefore,
to provide an open MATLAB code suitable for
calculating temperature, density anomaly and mineral
phases (olivine and spinel) distribution in deep subduc-
tion zones, taking into account phase transformations in
a self-consistent manner. Our code is intended to be
simple and easy to apply to real subduction zones.
Moreover, we intend to evaluate the effects of heat
sources such as radioactive or shear heating and latent
heat release, which are neglected in commonly used
thermal models (e.g., Stein and Stein, 1996).

2. Previous models

Among existing thermal models of deep subduction
we can distinguish two different types of approach.
Some models compute the temperature distribution only
within the slab, which is assumed to descend in an
isothermal (e.g., McKenzie, 1969) or in a adiabatically
heated (e.g., Déssler and Yuen, 1996; Devaux et al.,
1997, 2000) mantle. The influence of the surrounding
mantle is accounted for as a boundary condition.

A second set of models (e.g., Minear and Toksoz,
1970; Toksoz et al., 1971; Turcotte and Schubert, 1973;
Stein and Stein, 1996) includes mantle-slab thermal
interactions and allows for the calculation of accurate
temperature distributions in both slab and surrounding
mantle. Minear and Toks6z (1970) and Toksoz et al.
(1971) developed a numerical quasi-dynamic thermal
model that included adiabatic heating, radioactive heat
generation, phase changes and frictional heating. Stein
and Stein (1996) further modified this model to
introduce a temperature distribution of the oceanic
lithosphere prior to subduction given by the plate model
GDHI1 (Stein and Stein, 1992). Despite this improve-
ment, the model by Stein and Stein (1996) does not

include shear or radiogenic heating or latent heat
released during phase changes. This model is commonly
used to investigate the conditions for the formation of
metastable olivine wedges (Kirby et al., 1996) and the
effects of buoyancy forces arising from density contrasts
related to phase transformations (e.g., Bina, 1997,
Marton et al., 1999). These models adopt a kinematic
approach, i.e. a pre-defined velocity field is imposed. In
contrast, dynamic models of subduction calculate the
velocity field solving the coupled equations of conserva-
tion of mass, momentum and energy (e.g., Schmeling
et al., 1999; Tezlaff and Schmeling, 2000), and include
buoyancy forces due to phase transformation. Dynamic
models are physically more self-consistent and provide a
better understanding of subduction processes. However,
they are more complex and difficult to apply to real
subduction zones. Therefore, we preferred to follow a
kinematic approach in order to create a simple code
adequate to study subduction zones where basic input
parameters (age of subducting lithosphere, dip and
velocity of subduction) are known.

Our thermo-kinematic model improves some aspects
of the above-mentioned works since it includes the main
heat sources recognised in subduction zones: adiabatic
heating, radioactive heat generation, phase changes and
frictional heating. Our model uses, as initial temperature
for the lithosphere entering the subduction zone, the
thermal plate model GDHI1 (Stein and Stein, 1992).
Moreover, the model calculates in a self-consistent way
the location of the olivine to spinel phase transition, thus
permitting the calculation of an accurate distribution of
lateral anomalies of density.

3. The model

A thermo-kinematic model is calculated by solving the
2D heat equation given by

A A (LA
cp 0T ) \ Ot * Ox ‘0z

K 62T+62T
©pe,\Ox2 822
L7d H + A,
- v:(ﬂ Tahs"'_T_ﬁ) +g: (l)
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where Lp is the latent heat due to the olivine—spinel
transformation, cp is the heat capacity, f is the fraction
of spinel, T is the temperature, ¢ is time, x and z are the
coordinates, v, and v. are the horizontal and vertical
components of the velocity, K is the thermal conductiv-
ity, p is the density, a is the coefficient of thermal
expansion, ¢ is the acceleration of gravity, 7T, is the
absolute temperature, H is the radiogenic heat produc-
tion rate and Ay, is the shear heating rate. The values of
the parameters used are listed in Table 1.
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Table 1
Definition of parameters common to all calculations
Symbol Meaning Value
K Thermal conductivity 32Wm ! K!
I Specific heat 13x 103 TK~ ' kg™!
o Thermal expansion 37x 1075 K!
coefficient
H Radiogenic heat 8x 1077 Wm™?
production rate (for
cont. crust)
£o Density of the 3400 kg m~*
lithospheric mantle at
T=0°C
Apyi—y Density change due to 181 kg m~3
ol-sp phase transition
L Lithospheric thickness 95,000 m
To Temperature at the base  1450° C
of the lithosphere
g Gravitational 9.8 ms2
acceleration
0 Subduction dip angle 60°
T=0°C X1
Lithos|
Za_ L
Asthen
Q=0

Transition zone

|
X Qz=Qp

Fig. 1. Schematic diagram illustrating model domain and
applied boundary conditions. Velocity field imposed to simulate
subduction is updated as slab penetrates into surrounding
mantle. Small points indicate nodes of finite difference grid.

The terms on the left-hand side represent the rate of
heat change due to the temperature change at a fixed
point and advection. The first term on the right-hand
side represents heat conduction, the term containing T,
describes the adiabatic heating, that containing L7
represents the latent heat of the olivine to spinel
transformation, and the last term accounts for radio-
genic and dissipative heating. For simplicity, ‘spinel’ is
here used indistinctly for wadsleyite and/or ringwoodite
because of their similar densities.

The model extends vertically to the base of the upper
mantle (Fig. 1) where the origin of the vertical

coordinate is located. The initial thermal distribution
of the oceanic lithosphere is calculated with the thermal
plate model GDHI1 of Stein and Stein (1992):

zug+L—z & 2 . (na(z,+L—z)
Ti(z,0) =Ty (74- —sin (—
L ; nmn L

n*n’ Kt

-
where 7 is the time elapsed since the formation of the
lithosphere, z, and T indicate location and temperature
of the base of the lithospheric plate, and L is the
lithospheric thickness. Our code also includes the
possibility of simulating continental subduction, with
an initial geotherm for the crust and lithospheric mantle
given by the steady-state solution of the heat conduction
equation

H T H 2H
Tous?) = = Gt L=27 + (TL —xLht ?’”)

X (zg+ L —z), (3)

where 5. is the crustal thickness. This relation assumes
constant heat production limited to the crust and a
temperature 7 = 0°C at the surface. The initial tem-
perature for the lithospheric mantle in the continental
case is given by
T H H

Tlft mantle(z) = (TL - Ehf) (Za + L~ Z) + Eh? (4)
We assume the following adiabatic initial temperature
profile for the asthenosphere:

T(Z) = TL CXp (?(Za - Z)) , I <zZ<KZzZ,. (5)
D

We also include a total temperature increase of AT,
caused by the latent heat released during the olivine to
spinel phase change, which initiates at z,, and is
completed at z,; (see Fig. 1). In this interval the
temperature increase is given by (Turcotte and Schubert,
2002)

ar =Lt (6)

S
We assume that this increase occurs linearly from a
temperature 7.0 at z;o to 1., at zyg:

AT
T(Z) = (Zl‘r2 - Z) + T2, Zi1 SZ<Zpo. (7)
Zor2 = Zml
In the underlying transition zone the initial temperature

is given by

T(Z) = (T:tr2 + AT) eXp (?(Ztrl - Z)>y
P

0<z<zp1. ®)

In order to find the depth at which phase transforma-
tions begin and end, we have followed the approach
described by Schmeling et al. (1999) and Tezlaff and
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Fig. 2. Simplified disequilibrium (kinetic) phase diagram of
olivine—spinel transition showing lines of 1% and 99% spinel
fraction as simplified by Schmeling et al. (1999). Thick lines
represent characteristic temperature paths within a cold slab, a
warmer slab and undisturbed mantle.

Schmeling (2000). Instead of solving the kinetic equa-
tions of phase transformation we adopt a simplified
phase diagram (Fig. 2). We have incorporated in our
modelling the simplified phase diagram of Schmeling
et al. (1999) from original data by Akaogi et al. (1989)
and Rubie and Ross (1994). The 1% and 99% lines
separate the olivine and spinel regimes. The vertical lines
represent the transition from metastable olivine into
spinel and are only crossed by the geotherms of cold
slabs (Fig. 2). The shallower limit of the interval of
phase transformation within the undisturbed mantle
(z42) 1s given by the intercept between the asthenosphere
initial geotherm (Eq. (4)) and the shallower straight line
of the phase diagram. z,, is then obtained by substitut-
ing T.;» + AT into the equation of the phase transition
deeper straight line. This diagram is also used to
compute the fraction of spinel (ff) and its derivatives at
any temperature and depth. For the sake of simplicity, §
is assumed to change linearly from f = 0 in the olivine
and metastable olivine field to f = 1 in the spinel field.

We assume the following relation for lateral anomaly
of density (with respect to an unperturbed column) due
to thermal expansion and phase changes:

Ap = (po + Apyr-y AP — T — To)), &)

where p, is the density at zero temperature, Ap,_,
is the density increase caused by the olivine to spinel
phase transition, Af is the contrast of fraction of
spinel with respect to an unperturbed column with a
geotherm 7). No density changes induced by high
pressure—low temperature metamorphism are taken into
account.

The applied thermal boundary conditions (Fig. 1) are:
T = 0°C at the surface, null horizontal heat flux at
the lateral boundaries and constant vertical heat flow at

the base of the model. The latter is calculated as the
product between the vertical gradient of the initial
geotherm at the base of the model and the thermal
conductivity.

In our thermo-kinematic approach the velocity field
(Fig. 1) is imposed and defined by the subduction
velocity v; and the slab dip 0. In the corner area (shaded
in Fig. 1), where the plate begins to dip into the mantle,
the velocity field is given by

Z—2,
Uy = U

V& =0 + (- 2
— o (10)

V&= x0) 4 - 2

where x is the horizontal coordinate of the subduction
knee (see Fig. 1). In the subducting slab it is given by

vy =vsc08 0, v.=uwsinb. (11)

The modelled region is divided into a 2D grid with
horizontal and vertical spacing Ax and Az, with Ax =
Az cos 0 in order to force grid nodes to lie on the edges
of the slab. At each time step p, the position (B-B’ in
Fig. 1) of the bottom edge of the slab (which was located
along A-A’ at ¢t = 0) is computed, and the slab velocity
field (Eq.(11)) is applied to the nodes reached by
line B-B'.

We use the following expression (Turcotte and
Schubert, 2002) for calculating the shear heating rate:

Vg

Agp =7— (12)
w

where 7 is the shear stress and w is the thickness of the
shear zone. Optionally, the code incorporates the
procedure proposed by Ponko and Peacock (1995) of
distributing shear heating within a 2Ax wide zone
centred on the interface between the slab and the
overlying mantle.

The finite difference formulation of the energy
equation (Eq. (1)) is developed in Appendix A. We have
applied the alternating direction implicit (ADI) method.
The resulting equations are solved by applying the
Thomas algorithm, as shown in Appendix B. Since the
velocity field is updated as the slab penetrates into the
mantle, the numerical scheme applied is not stable for
every combination of A¢z, Ax and Az, the time step is
internally computed by the code in order to ensure
stability.

4. Some simulations

We have performed several calculations to show the
code behaviour for a wide variety of subduction condi-
tions. Fig. 3 shows the calculated temperatures and the
location of the olivine—spinel (1% and 99%) transfor-
mation obtained for the cases of slow subduction of a
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Fig. 3. Temperature (°C, contours every 200°C) distributions calculated with (a) a model of slow subduction of a warm (30 Myr old)
oceanic lithosphere after 32 Myr and (b) fast subduction of a cold (120 Myr old) oceanic lithosphere after 6.4 Myr. Subduction
velocities are (a) 2 cm year—!' and (b) 10 cm yr—!. Position of 1% and 99% olivine-spinel transformation contours are shown by thin

dashed lines.

warm (young) oceanic lithosphere and fast subduction
of a cold (old) oceanic lithosphere, after 32 and 6.4 Myr
of subduction, respectively. Values assumed for the
velocity of subduction are 2 and 10 cm yr~! and ages are
30 and 120 Myr, respectively. The values of the thermal
parameter ¢, calculated as the product of the vertical
component of the subduction rate and the age of the
subducting lithosphere, are 520 and 10,392 km, respec-
tively. A latent heat of phase transformation of Ly =
90 kJ kg™! (Turcotte and Schubert, 2002), and no shear

heating or radiogenic production are considered in both
cases.

Both models show (Fig. 3) lower temperature in the
slab interior with respect to the slab boundaries.
Moreover, slabs with high thermal parameters show
lower temperatures at fixed depths. Fig. 3 clearly shows
the influence of subduction kinematics and pre-subduc-
tion thermal state of the lithosphere on the position of
the olivine to spinel phase change. In slow and warm
subduction zones (Fig. 3a), the phase change is
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Fig. 4. Lateral anomaly of density (kg m™> contours every 40 km m~>) with respect to right boundary of model domain calculated
with (a) a model of slow subduction of a warm (30 Myr old) oceanic lithosphere after 32 Myr and (b) fast subduction of a cold
(120 Myr old) oceanic lithosphere after 6.4 Myr. Subduction velocities are (a) 2 cm yr~! and (b) 10 cm yr~!. Position of 1% and 99%
olivine-spinel transformation contours are shown by thin dashed lines.

shallower in the slab than in the surrounding mantle,
due to depressed isotherms in the slab and to the slope of
the equilibrium curve (Fig. 2), and reaches shallowmost
depths in the core of the slab. Colder and faster slabs
(Fig. 3b) also show a shallowing of the transformation
depth within the slab, but the innermost portions of the
slab show a deepening of the transition due to the fact
that the temperature path in this region enters the
metastable olivine field (Fig. 2). In this case, the 600°

isotherm, which controls the initiation of metastable
olivine to spinel transformation, reaches maximum
depths of about 545 km and the conditions for the
formation of a wedge of metastable olivine are attained.
Deep seismicity is therefore expected to occur for
subduction processes with these kinematic and initial
thermal conditions.

The distributions of lateral anomalies of density
calculated for both models are shown in Fig. 4. Down



A.M. Negredo et al. | Computers & Geosciences 30 (2004) 249-258 255

100

[

al

o
T

Depth (km)

N

o

o
T

300+ 1

300 350 400 450 500 550 600
Horizontal distance (km)

Fig. 5. Lateral anomaly of density (kg m~> contours every

30 km m™*) with respect to right boundary of model domain,

after 4 Myr of continental subduction with a velocity of

subduction of 5 cm yr—'.

to depths of about 300 km, slow slabs show lower
densities contrasts than fast slabs, due to higher
temperatures. At depths greater than 300-350 km, the
shallowing of the olivine to spinel transition within the
slab produces a dramatic increase of density in the case
of slow subduction of a young plate (Fig. 4a). A negative
buoyancy force arises from this positive density con-
trast. In contrast, it may be noted that the presence of a
metastable olivine wedge in cold and fast slabs induces a
remarkable lowering of density in the innermost
portions of the slabs with respect to the surrounding
spinel phase. The resulting positive buoyancy can
significantly counteract the negative buoyancy men-
tioned before, thus producing the so-called ‘parachute
effect’ (Kirby et al., 1996; Schmeling et al., 1999; Tezlaff
and Schmeling, 2000).

Fig. 5 shows the lateral anomalies of density resulting
from subduction of continental lithosphere, after 4 Myr
with a velocity of subduction of 5 cm yr~!'. A constant
density of 2800 kg m~> has been assumed for a 30 km
thick continental crust. For simplicity, we have not
included density changes due to metamorphism, but
common phase diagrams can be easily incorporated in
TEMSPOL. The high negative density anomaly in the
subducted crust causes a positive buoyancy force that
opposes subduction, which is then only expected to
continue if the continental slab is pulled by a deeper
oceanic portion of the slab.

Heat sources such as shear heating and latent heat
release are often neglected in thermal models of
subduction zones. TEMSPOL permits to include such
heat sources and to evaluate their contribution to the
thermal state of subduction zones. Fig. 6 shows the
influence of latent heat and shear heating on the

300
350 +
400
g 450 Lr=90kJ kg-t
s Agh= 9.5 uW m-3
o
2 500} Lt = 90 kI kgl
Agh =0 pwW m-3
550
LT=0kJ kgl
Agh=0 pwW m-3
600 -
650 . . . . . . .

100 150 200 250 300 350 400 450
Distance (km)

Fig. 6. Influence of latent heat release and shear heating during
fast oceanic subduction on depth reached by metastable olivine
wedge. Position of 1% olivine—spinel transformation (f = 0.01)
is shown.

geometry of the metastable olivine wedge, for the model
of fast subduction of a cold slab (same parameters as
Figs. 3b and 4b). We have considered a shear stress 1 =
30 MPa and a thickness of the shear zone w = 2Ax, to
obtain with Eq.(12) a shear heating rate of Ay =
9.5 uW m~>. We show that neglecting these heat sources
can lead to significant overestimation (about 85 km in
the case shown in Fig. 5) of the depth reached by the
metastable olivine wedge, and thereby of the predicted
maximum depth of seismicity.

5. Discussion

We have presented here a code suitable for calculating
temperature, mineral phases and density anomaly
distribution in deep subduction zones taking into
account the olivine—spinel phase transformation in a
self-consistent manner. With respect to commonly used
thermal models, which neglect shear or radiogenic
heating or latent heat released during phase changes,
we show that neglecting these heat sources can lead to
significant overestimation of the predicted maximum
depth of seismicity. Further suitable refinements of the
present model are including more complicated phase
diagrams and a variable thermal conductivity (Hauck
et al., 1999).

Modelling outputs can be used as inputs for numerical
simulations which require the knowledge of temperature
and density anomaly distributions of subducting zones.
For instance, the computed temperature can be used to
calculate the brittle and ductile yield stress distribution,
assuming a nonlinear rheology, and correlate the
obtained stress distribution with observed seismicity
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patterns in oceanic and continental slabs (e.g., Carmi-
nati et al., 2002). Another possible application relevant
for tomography studies is to use the temperature
anomalies and temperature derivatives of seismic
velocities to obtain the seismic velocity perturbation
distribution (e.g., Sleep, 1973; De Jonge et al., 1994;
Deal et al., 1999) induced by subduction processes.
These synthetic tomographic images can be compared
with tomographic models of subduction zones.

The resulting lateral anomaly of density distribution
can be introduced into dynamic models assuming either
an elastic or viscoelastic rheology (e.g., Bina, 1997;
Wittaker et al., 1992; Giunchi et al., 1996; Negredo et al.,
1999) to evaluate buoyancy forces and the resulting
stress regime and compare it with seismotectonic
observations in different subduction zones. Other
dynamic effects of the presence of metastable olivine
that can be investigated with dynamic models are the
change in the velocity of subduction and in the
topography of the trench.
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Appendix A. Finite difference formulation of the energy
equation

The two-dimensional ADI method is a scheme in
which the dependent variable is solved for implicitly in
the one direction and then in the other direction at time
steps p + 1 and p + 2, respectively.

We use the following convention for the grid system:

x=iAx, i=12 ..,1,
z=jAz, j=12,...,J,
t=pAt, p=12,...,P,

P pAt
Ti,j - TiAx,/'Az'

Consider the finite difference expression of Eq. (1), in
which temperature derivatives with respect to x are
evaluated at time step p + 1, and derivatives with respect
to z at time step p. At grid point i,j the resulting

equation is

p+1 P p+1_ pptl
D (Tz,j B Ti,/‘ Ti+1,j Ti—l,/'

o At Y 2Ax
T, — T,

p ij+1 ij—1
5y T)

+1 I +1
K (TH, =210 + 17,
07 AX?

T — 2T+ Tfjl)

Az2

— UI_)[- ﬂ<%>p +70(gT5bs o
I\ e, \0z/; J p

n H;j+ 7 j(vs/w)

, (A.])
Piser
where
L7 (OB’
R.=1+—(—] .
=1+ 2 (5,
After grouping terms Eq. (A.1) becomes
AT+ BT+ 1T = Dy, (A2)
where
%
A,‘ = Ri’/ l}P- ;= K Y
2Ax pﬁjcpr2
R 2K
YA plie, AT
»
C = R’\/ o L
20z 7 pllie,AN?
and
R, R,
_ N i P P
D; = At Ti,j T oAz Ufi,/ Ti,/+1 - Ti,j—l)
K P P P
+ W(Tifrl =27+ 155 )
— ﬂ(%)p {“ngbsiJ +H£i+fif(“lv/w)_
W\ e \0z/y; ¢ iicp

An equation similar to Eq. (A.2) is obtained at each
point in the jth row, yielding a set of I equations. This
set of equations gives the temperature at p + 1 at each
point of the jth row in terms of variables known at the
time step p. We apply the Thomas’ algebraic scheme to
solve this set of equations (see Appendix B).

We now consider the finite difference formulation of
Eq. (1) in which temperature derivatives with respect to
x are evaluated at time p+ 1, and derivatives with
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respect to z at time p + 2:

<Tp+2 _ Tp+1 Tp+l _ Tp+1
P

i i i+1j i-1/
ij o

At i 2Ax
T.p+2 _ Tpr)

p ij+l1 ij—1
4oL
= 2Az

p+1 p+1 p+1
_ kK (T, — 2Ty + Ty,
=7 2

P Ax

p+2 p+2 p+2
Ti,/'+1 2Ti,f + Ti,/'—l
Az?

+1
e LT(M)M+°‘QT5”S"’7
N\ e, \0z)/,; J cp

N H} 41 (vg/w)

Pﬁ;cp (A.3)
which, grouping terms, gives
ATV + BT 4+ G TS = Dj, (A4
where
4; = Ry K

xij 2’
2Az pf epAz

R, 2K

B——ty %
TTAt + pfjcpAzz’

R}, K

Y P icpAZ?

and
R R
! 1 ! 1 1
Dy =T T (T - T

+ TN =210 + T

P 2( i+1,
piicpAx

+1
-, ﬁ(%)pﬂJrLT‘f“ 2
I\ ¢, \Oz i cp

" Hfj, + TIZ,‘(US/W)
Plip,;cp

An equation of form (A.4) can be obtained for each
point of the ith column, yielding J simultaneous
equations. The [ sets of J equations obtained at time
p+2 are solved as before applying the Thomas
algorithm (Appendix B). Therefore, the temperature at
time p + 2 is obtained from temperature at time p in two
time steps. An equation implicit in x (Eq. (A.2)) is used
for the first time step and an equation implicit in z
(Eq. (A.4)) for the second.

Appendix B. Application of Thomas’ algorithm to the
ADI scheme of the energy equation

We consider the system of equations obtained at time
step p + 1:

AiTi1j+ BiTij + CiTi1; = Dy,
i=1,2, .01, (B.1)

where we are omitting the superscripts. The Thomas
algorithm operates by reducing this system of equations
to upper triangular form, by eliminating 7;_; in each of
the equations. Consider that the first k equations (B.1)
have been reduced to

Tij—wiTipij=9i, i=12,..k, (B.2)
the last of these equations is

Tij — wiTks1j = gk (B.3)
and the next equation in the original form is

A1 Tiej 4 Biv1 Trgrj + Cra1 Trrj = Dy (B.4)

We eliminate Ty, from (B.3) and (B.4) and rearrange
terms

—Cry1 _ Dy — Ag19k

Ty = B.5
Bt + Agwi T By + A :5)

Try1j—

comparison with Eq. (B.2) shows that the coefficients w;
and g; can be obtained from the following recurrence
relations:

-G _ Di— 4igi-
B; + Ajw; 9= B+ Ajwi
i=23,..,1 (B.6)

w; =

The initial values can be obtained by applying in
Eq. (B.2) the condition of zero horizontal heat flow at
the lateral boundaries, T7; = T, then

w=1, ¢, =0. (B.7)

We use these initial values to recursively find all the
coefficients. Then we can calculate the last value of 7' by
applying again the boundary condition 7;7; = T7_; in
Eq. (B.2):

gr—1

T, = —-—.
S —wy

(B.8)
Therefore, beginning from the known value of T,
Eq. (B.2) gives the values Tj_1;, T;—»;, in order,
finishing with 7' ;. This computation is stable if [w;|<1.

In the following time step, p + 2, the temperature
derivatives with respect to z are evaluated at p + 2, and
derivatives with respect to x at time p + 1. We now apply
the boundary conditions at the base and surface of the
model. We assume constant basal heat flow Q to obtain

Tig = T,',l - %AZ (B9)
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We then apply Eq. (B.2)
Tip —wm (Ti,l *%AZ) =4, (B.10)

so if w; =1, then g; = (Q»/K)Az. We then apply
Eq. (B.6) to find recursively the rest of the coefficients.
Finally, with the condition of constant surface tempera-
ture of 0°C, so T;; =0, we can apply Eq.(B.2) to
calculate Tjy_1, ..., Ti).
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